In modeling comminution systems, breakage rate (selection) 
INTRODUCTION
The optimal design and control of comminution circuits require a mathematical model capable of depicting the size reduction behavior of every size fraction for grinding conditions of technological importance. This is particularly important for modeling closed-circuit comminution systems in which oversize material from a classifier or screen is recycled back to the comminution device. Comminution kinetics did not really have any practical application until a mathematical model of batch grinding was introduced Ҁ a model that incorporated both disappearance and production kinetics into one mathematical construct. A rigorous mathematical approach to comminution was published in 1954 by Bass [1] but the catalyst that led to worldwide utilization of this so-called population balance model (or batch grinding model) to the analysis of comminution in tumbling mills was perhaps the 1962 paper presented by Gardner and Austin [2] at the First European Comminution Symposium.
The batch-grinding model entails the formulation of a mathematical model which is phenomenological in nature in that it lumps together the entire spectrum of stress-application events which prevail in the system under a given set of operating conditions. The appropriately defined average of these individual events is considered to characterize the over-all breakage properties of the device and material. A single parameter is assumed to represent the resistance of particles of that size (or size fraction) to fracture, given the average grinding environment which exists in the mill. The isolation of such a parameter and a related set of quantities which constitute the breakage product size distribution for the average event in this size fraction allows the formulation of physically meaningful descriptive equations capable of yielding detailed information for simulation. The continuous-time, sizediscretized solution of the batch grinding equation by Reid [3] provides a valuable practical simplification for data treatment since size distributions of comminuted products are usually determined in terms of a series of finite size intervals by sieving.
In dry batch ball milling, grinding kinetics follow a linear model. Linear breakage kinetics are said to prevail in a mill when neither the probability of breakage of a particle (as measured by the breakage rate function) nor the distribution of fragments resulting from the primary breakage of that particle (as measured by the breakage distribution function) is influenced by the size consist in the mill. However, the rate of particle breakage may deviate from linearity due to changes in the nature of the comminution events or from changes in the heterogeneity of the particles being ground. For example, in some cases conditions may exist where the larger particles are ground preferentially or in other cases the larger particles may become protected after time. Under wet grinding conditions, at lower pulp densities suspension of the fine particles in the slurry may lead to an increase in the probability of coarser particles being ground, or at high pulp densities the slurry may become so viscous that grinding is retarded unless a grinding aid is added. In confined particle bed grinding, the product particles can be weakened through the generation of f laws and microcracks and consequently exhibit widely distributed strength behavior, which leads to nonlinearities in the regrinding of such particles. This paper discusses approaches taken to modify the model to describe that behavior.
THE LINEAR BATCH GRINDING KINETIC MODEL
Consider the size range of a particulate assembly, characterized by a maximum size, x 1 , and a minimum size x nѿ1 to be subdivided into n intervals (with n sieves). The i th size fraction is the interval bounded by x i above and x iѿ1 below and denote the mass fraction of material in this size interval at time t by m i (t). If r is the geometric sieve ratio (which is generally M2 for a series of sieves such as the Tyler sieve series), then x l ҃rx iѿ1 .
The Reid solution to the size-discretized integrodifferential equation of grinding kinetics yields a mass balance for the material in the i th size interval in a batch ball mill at any time t:
where the parameter k i is the breakage rate function (also called the selection function) for the solids in the i-th size interval which gives the fraction of material in size fraction i that is broken out in time t to tѿdt, and b iҀj is the breakage distribution function and gives the fraction of progeny particles reporting to size i when unit mass fraction of particles of size j is broken.
If we consider the top size, first fraction only, then
for first-order grinding kinetics where the breakage rate function is independent of time. Under these conditions, the behavior of the top fraction is predicted by the following relationship:
Several different methods have been used to determine breakage rate and breakage distribution functions experimentally. For example, individual interior size fractions have been replaced by radioactivelylabeled size fractions of the same feed material, a complicated technique that provides the greatest amount of information. In a simpler way, an insert fraction of a different material with some easily identifiable physical or chemical property has been used, such as using a quartz insert in a limestone bulk feed. Herbst and Fuerstenau [4] showed the mathematical and experimental basis for obtaining these parameters by batch grinding single-sized feed particles. The breakage distribution function is normalizable and can be considered invariant and will not be discussed further in this paper. However, there is a strong power law dependence of the breakage rate function on particle size, x:
where A is a constant depending on the material properties. In many of their simulations, Kelsall et al. [5] assumed α҃1.0. However, Herbst and Fuerstenau [4] showed that the value of α has the same value as the distribution modulus of the Gaudin-Schuhmann size distribution of the comminuted product. To obtain the necessary data, a series of batch grinds should be carried out in a test mill to quantify not only the breakage rate but also the breakage distribution functions. Using a 254-mm diameter instrumented ball mill, a series of batch grinding experiments was carried out dry by Herbst and Fuerstenau [4, 5] with 7҂9 mesh (2.8҂2.0 mm) dolomite feed for various operating conditions: mill speeds N * , ball loads M b * , and particle loads M p * . Details of the instrumented torque mill and experimental procedures can be found in the these papers [4, 6] . According to Eq. 3, a semilog plot of the fraction of feed material remaining in the top size vs. time in batch experiment will result in a straight line whose slope is proportional to the breakage rate function. Figure 1 , which shows plots of batch data obtained for selected mill speeds, ball loads, and partidm 1 (t) dt cle loads (for two different batches of dolomite feed) illustrates the appropriateness of Eq. 2 for the range of operating variables tested. This figure also illustrates the strong dependence which feed disappearance kinetics have on mill operating conditions. Herbst and Fuerstenau [4] experimentally ground a range of monosized dolomite feeds to obtain the dependence of breakage rate functions on particle size (and also found the cumulative breakage distribution function to be normalizable) and proved their predicted relation to zero order production kinetic phenomena. Figure 7 given later, illustrates the dependence of breakage rate functions on particle size for dry ball mill grinding.
Using the values of breakage rate functions for particles of different size fractions and the normalized breakage distribution functions, the Reid solution to the batch grinding equation was programmed for a digital computer and the grinding behavior was simulated. Figure 2 presents a comparison of the computed size distributions with the experimentally observed distributions. The simulation based on the linear batch grinding model indeed predicts the product size distribution over a wide range of grind times.
The very extensive experimental work carried out during the last four decades has proven the validity of the linear grinding model and the size-dependence of the breakge rate functions and the normalizability of breakage distribution functions. With confidence it, therefore, is possible to back calculate these parameters for simulation purposes.
THE NONLINEAR KINETIC MODEL FOR ROD MILL GRINDING
Rod mill comminution represents a nonlinear grinding system, one in which the order is less than unity. In Eq. 1, k 1 (t) represents the grinding rate function for monosized feed disappearance. There are two forms of k 1 (t) which have physical meaning. The first is
which represents a "zero order" feed disappearance law where the feed grinding rate is constant for all time. This would occur if the grinding zones were saturated with respect to feed-size material and all comminution events are applied to feed-size particles. The second form of the breakage rate function is or k 1 (t)҃constant. This "first order" feed disappearance occurs when statistically independent comminution events are applied to an infinite particle population in a completely mixed environment, as exemplified by dry batch ball mill grinding. Non-integer order grinding does not have physical meaning, except possibly for systems that can be represented by an arbitrary linear combination of zero and first order kinetics. Such is the case for rod milling where bridging of coarse particles between the rods decreases the proportion of comminution events applied to the fines. Grandy and Fuerstenau [7] proposed that for comminution systems which have apparent grinding orders less than one, the system can be modeled by a convex linear combination of zero and first order kinetics:
where φ 1 and ( 1Ҁφ 1 ) give the respective fraction of first and zero order kinetics assumed, For rod mill grinding with kinetics that follow the foregoing relationship, the behavior of the top size material is predicted by Eq. 8:
functions are environment-dependent. Since the grinding order is between zero and one, it is appropriate to fit Eq. 8 to the data. A semilog plot of [m 1 (t)ѿ m 1 (0)(1Ҁφ 1 )/φ 1 ] vs. time should give a straight line with slope equal to Ҁφ 1 k 1 (0). For the foregoing rod mill grinding data, it was found by trial and error that a value of 0.91 for φ 1 gave the best straight line for feed loads.
To carry out computer simulations of these rod mill grinding tests, the mathematical representation of the environment dependence is given by k i (t 2 )҃k i (t 2 )φ i ѿ(1Ҁφ i ) where t 1 t 2 (9) Using the technique of Herbst and Fuerstenau [4] to estimate the size dependence of all the breakage rate parameters and the fraction of first-order grinding given in Figure 4 , the dry batch rod milling of the 7҂9 mesh dolomite was accurately simulated. Since The simulated plots and experimental date fit exactly [7] , those results are not presented here.
In a detailed investigation of the wet grinding of dolomite in the batch ball mill, Yang [8] found that plots of feed size breakage kinetics had the same
shape as those shown in Figure 3 for rod mill grinding. This means that under the conditions of Yang's experiments (60% solids), the fine product particles tended to be suspended in the slurry inside the mill 4 Linear combination of first order and zero feed disappearance kinetics in dry rod milling.
with the result that there was some preferential grinding of the coarser particles under those conditions. On the other hand, Klimpel [8] found that the disappearance kinetics plots for the fine wet grinding of coal at 57% solids density were first order but at 73% solids density became strongly concave as grinding progressed. Under these conditions the slurry inside the mill becomes increasingly viscous. As grinding progressed the rate of disappearance of feed size coal was significantly retarded. But by adding a polymeric grinding aid, which reduced the slurry viscosity markedly, Klimpel [8] was able to return the grinding kinetics to first order.
LINEAR GRINDING KINETICS EXPRESSED IN TERMS OF SPECIFIC ENERGY
In conducting their batch grinding experiments with dolomite feed under a wide range of operating conditions, Herbst and Fuerstenau [6] also accurately measured the specific energy consumed by their mill. An anaysis of the grinding kinetics in the dry ball mill revealed that the size-discretized breakage rate functions are proportional to the specific energy input to the mill and that the breakage distribution functions can be taken as invariant. Taking the experimental results used to prepare the plots given in Figure 1 for a range of mill speeds, mass of solids in the mill, and the mass of grinding balls in the mill, the results are replotted and presented in Figure 5 using specific energy as the independent variable instead of time.
Based on that extensive experimentation, Herbst and Fuerstenau [6] showed that over a fairly wide range of conditions the feed size breakage rate function can be approximated by
where P is the power input to the mill, M p is the mass of feed material in the mill, and k E 1 is a constant. From Eq. 9, we can write the batch response for the first interval:
Since the product of specific power and time is equal to the net specfic energy input to the mill, E Ҁ , Eq. 10 can be expressed alternatively as
The preceding analysis leads to expressing the batch grinding equation in terms of specific energy expended rather than in terms of grinding time as follows
The fact that breakage kinetics can be accurately analyzed in terms of specific energy instead of time, has become very useful, with regard to mill scale-up and the analysis of other types of comminution systems, such as the roll mill. Malghan and Fuerstenau [9] conducted a detailed study of the scale-up of ball mills using the population balance grinding model normalized through specific power input to the mills. In their investigation, they constructed three instrumented and scaled batch ball mills : 5-inch (12.7 cm) diameter, 10-inch (25.4 cm) diameter, and 20-inch (50.8 cm) diameter. They dry ground 8҂10 mesh (2.4҂1.7 mm) limestone. They found that the feed size breakage rate functions for all three different mill speeds, ball loads and feed loads in each mill fell on a single line when the feed size disappearance was plotted as a function of expended energy. Likewise, the breakage distribution function for all of the grinds were self-similar, completely independent of mill size and mill operating conditions. To illustrate the utility of the specific energy reduced breakage rate function concept, Figure 6 and the simulation of grinding using the breakage parameters determined from grinds carried out in the 5-inch mill. Malghan and Fuerstenau [9] also showed that if the breakage rate function were expressed in time rather than specific energy, for the range of mill speeds, ball loads, and feed loads, it would be proportional to D 0.56 and proportional to (DҀd b ) where D is the mill diameter and d b is the ball diameter. The reduced breakage rate function simplifies analysis and design considerably since there would be no necessity for achieving kinematic and loading similarity. Scaling with time would require that the mills be compared at the same fraction of critical rotational speed.
Expressing grinding kinetics in terms of specific energy instead of grinding time also clarifies the complex behavior observed in wet grinding at high solids content [10] .
MODELING NONLINEAR HIGH-PRESSURE ROLL MILL COMMINUTION
After single-particle breakage, the next most efficient method of comminution is particle-bed comminution [11, 12] . In this mode, comminution occurs primarily by very high localized interparticle stresses generated within the particle bed. No separate carrier is employed for the transport of energy to the solids, unlike in tumbling mills. Particle bed comminution is carried out continuously in a device comprised of two counter-rotating rolls. As the feed particles pass through the roll gap, the particle bed is compressed and the coarser particles undergo an isostatic-like compression by the fine particles in which the coarser ones are embedded. Energy is lost in the high-pressure roll mill due to friction between the particles as they pass through the roll gap and due to the ineffectiveness of the isostatic loading phenomenon.
There really is no explicit running grinding time in the high-pressure roll mill, only a fixed time of passage of solids through the grinding zone of the rolls in a more or less plug f low manner. Therefore, in order to simulate roll-mill grinding, it is necessary to formulate the population balance model in terms of energy input to the mill. In addition, as the particle bed or column passes down through the rolls, it is compacted and densified and compacted more and more with an increasing rate of energy dissipation due to interparticle friction and incipient visco-plastic f low. Consequently, the energy component that actually goes into stressing the particle to fracture is progressively reduced. Kapur et al. [13] proposed that the increase in retardation of the breakage rate with energy input can be incorporated into the population balance model by defining a rescaled energy: E′҃ E 1Ҁy where 0ͨy1 (14) For high-pressure roll mill grinding, the population balance equations for grinding kinetics can be formulated in terms on cumulative energy input, taking into account energy dissipation in accordance with Eq. 13, to yield the following relation:
Fuerstenau et al. [13] determined the product size distributions for grinding quartz, limestone and dolomite at various energy expenditures in a laboratory high-pressure roll mill (roll diameter of 200 mm) and from the results estimated the breakage rate and breakage distribution parameters. For each of these materials, the breakage distribution functions have essentially the same shape as those found for other comminution systems, such as the ball mill and rod mill. However, the breakage rate functions all remain quite high at all particle sizes, unlike in a ball mill where the specific rate constants drop sharply with particle size, especially in the medium and fine particle size range (the slope of a log-log plot of k-vs-size being the distribution modulus). the effect of particle size on the breakage rate function for grinding dolomite in the high-pressure roll mill with grinding the material in a dry ball mill. As a consequence of this, the pressurized roll mill can perform size reduction much more efficient energy-wise than the ball mill. This probably explains the greater energy efficiency of the high-pressure roll mill at lower reduction ratios. The reason that the breakage rate functions for the high pressure roll mill appear to have only a small particle size effect must result from the energy transfer mechanism in the roll mill, namely that the high compression stresses are transferred from one particle to another as they pass through the roll gap, in contrast to the probabilistic nature of stress transfer in a ball mill. This apparently is the crucial difference between the two kinds of grinding mills. As a consequence, the pressurized roll mill can perform size reduction tasks much more efficiently energy-wise than the ball mill (at lower reduction ratios).
With the breakage rate parameters estimated from the high-pressure roll milling experiments, the size distributions of dolomite, limestone, and quartz were simulated with the population-balance grinding equation that had been suitably modified to account for energy dissipation in the roll gap (Eq. 15). Figure 8 shows the simulation of grinding quartz in the highpressure roll mill at three different energy levels [13] . The simulations of the size distributions of the roll mill products are in good agreement with the experimentally determined size distributions.
MODELING THE KINETICS OF GRINDING DAMAGED PAR TICLES
Significant energy savings can be gained by using a two-stage grinding system which utilizes the efficiency of the high-pressure roll mill at low reduction ratios and the higher efficiency of ball mills at high reduction ratios [14] . As discussed in the foregoing section, particle breakage in the roll mill occurs through interparticle loading of the feed as it passes through the roll gap. Because the particles are not loaded by impact, as in ball milling, but by direct transmission of stresses from one particle to another, high-pressure roll mill grinding results in progeny particles that are broken, cracked, damaged or otherwise weakened. Consequently, the particles are distributed in strength which implies that the rate at which these particles will be ground in a ball mill will also be distributed. As already discussed, the linear population balance model used routinely for the simu- lation of ball mill grinding of ordinary feeds assumes a single-valued rate parameter for particles of a given size fraction. In order to successfully use the population balance approach to model the ball mill grinding of material that has first been ground in the high-pressure roll, we need to account for the pronounced heterogeneity in strength (or ease of grinding) of the high-pressure roll mill product particles [15] . We have noted earlier that the parameter A in Eq. 4 is a function of the material properties. In the simulation of batch ball milling of primary particles, A could be assumed to be constant, without affecting the quality of simulation. We can account for the heterogeneity in the strength of high-pressure roll-milled particles by letting A be variable. It is reasonable to say that A is a measure of the ease with which the particles could be broken, that is, a measure of the grindability. The larger the value of A, the easier it would be to break the particle. While primary particles are expected to be relatively uniform in strength, the particles in the high-pressure roll mill product are damaged and weakened to different extents, that is, that are distributed in A. We assume, however, that the distribution is independent of the particle size. In our analysis, we consider that the distribution in the grinding rate parameter, k, of the high-pressure roll mill product can be described by a modified gamma function:
where A o is the minimum grinding rate constant encountered in the ball mill. And β and λ are the shape and scale parameters of the distribution. By incorporating Eq. 16 into Eq. 12, and integrating, we obtain the expression for the mass fraction retained on size x after an energy expenditure of E b in ball milling the high-pressure roll mill product:
The shape and scale parameters are functions of the energy expenditure in the high-pressure roll milling stage. These concepts were tested through a detailed study of the hybrid comminution of bituminous Pittsburgh No. 8 coal, that is for the open-circuit ball milling of coal that had first been ground in the highpressure roll mill. Figure 9 presents the experimental results of the mass fraction of ball mill product retained on a 200-mesh sieve (74 µm) as a function of the energy expended for ball mill grinding the pres-
surized roll mill product, together with the computed results. In these experiments, the coal was first ground in the high-pressure roll mill (HPRM) at four different energy levels. Figure 10 presents the experimental and computed size distributions of the ground coal after it had been comminuted in the ball mill at different expenditures of energy in the ball mill step after first being roll-milled at an energy expenditure of 2 kWh/t. The simulated results given in Fig in the high-pressure roll mill product was assessed by fitting the mathematical model to the experimental data. Figure 11 was constructed to show plots of the calculated density functions m(k) representing the distribution of breakage rate functions of 200-mesh particles of Pittsburgh No. 8 coal produced at energy consumptions of 1.14, 2.0, 3.16 and 3.74 kWh/t in the HPRM. Although the coal is discharged from the HPRM in a briquetted form, the individual particles are easily separated by stirring in aqueous methanol to determine their size distribution, if desired [15] . The fact that the mean of the distributions shifts towards higher grinding rate values with increasing energy input to the high-pressure roll mill strongly suggest that these results and concepts are phenomenologically meaningful.
OPTIMIZATION OF OPEN-CIRCUIT HYBRID GRINDING SYSTEMS
The non-linearity of the kinetics of grinding primary particles in the high-pressure roll mill and the subsequent ball milling of the roll mill product present us with an interesting optimization problem. For open-circuit hybrid grinding, our goal would be to find the optimum energy expenditure in the highpressure roll mill that would result in maximum particle damage at minimum energy dissipation, and the energy expenditure range in the ball mill where the energy is primarily spent in breaking the damaged particles, that is the range where the ball mill grinding of damaged particles is essentially non-linear. The specific grinding energy contours are shown as solid lines, and the contours of percent fines produced are presented as dashed lines. The simulation results indicate that the percentage of minus 200-mesh produced increases with the increase in grinding energy input in the ball mill for a given energy expenditure in the high-pressure roll mill. However, for a fixed energy input in the ball mill, the percentage of minus 200-mesh material produced goes through a maximum with increasing energy input in the highpressure roll mill. As the production of minus 200-mesh particles increases, the high-pressure roll mill energy at which the maximum occurs shifts to higher energy values. The specific energy required to produce a unit weight of minus 200-mesh product, on the other hand, increases with the increase in energy input in both the ball mill and the high-pressure roll mill (except in the region defined by high-pressure roll mill energy between 1.75 kWh/t and 2.5 kWh/t and ball mill energy greater than 3.5 kWh/t). At a given specific energy consumption, particularly at higher percentage of fines production, an optimum partition exists between the energy input in the high- pressure roll mill and the ball mill in order to achieve a maximum percentage of minus 200-mesh product.
For example, at a specific energy consumption of 13.25 kWh/t of minus 200-mesh product, the energy input should be 2.5 kWh/t of feed in the high-pressure roll mill and 3.2 kWh/t in the ball mill in order to produce a comminuted product with 43 percent of minus 200-mesh fines.
Because of the visco-plastic nature of coal, it is possible that the potential energy saving resulting from the fracturing and weakening of the particles as they are stressed in the HPRM could be more than offset by the increased briquetting at the high compressive stresses at higher energy expenditures in the pressurized roll mill step. Thus, a maximum benefit might be expected from the hybrid grinding of coal at an optimal energy expenditure in the high-pressure roll mill. In Figure 13 , the percentage of energy saved through the hybrid grinding mode relative to the energy expended in ball mill grinding alone for the production of a fixed amount of fines is plotted against the energy expended in the HPRM step. These plots clearly show that not only is there an optimum for the energy input to the high-pressure roll mill but also the energy saving is negated if the energy expenditure in the high-pressure roll mill is higher than a threshold value, which would depend on the nature of the coal and the percentage of fines produced. There is a similar optimum for the hybrid grinding of minerals than can deform plastically, such as calcite and dolomite [14] .
SUMMARY
Industrial comminution processes are inherently nonlinear. The extent of nonlinearity is governed by the mill characteristics, comminution environment, and the material properties. However, over a limited range of time or energy input, the processes could be treated as linear and modeled accordingly. For instance, in the initial stages of dry batch ball milling, grinding kinetics follow a linear model. Linear breakage kinetics prevail in the mill as neither the probability of breakage of a particle (as measured by the breakage rate function) nor the distribution of fragments resulting from the primary breakage of that particle (as measured by the breakage distribution function) is significantly inf luenced by the size consist in the mill. In the rod mill, on the other hand, where the larger particles are ground preferentially, the initial grinding behavior is significantly nonlinear. The nonlinearity can be modeled in such cases by suitably modifying the breakage probability function.
The change in the grinding environment in the media mills, over time, also leads to nonlinear comminution kinetics in these mills. This is primarily because of reduced energy utilization at larger grinding times due to particle shielding under dry grinding conditions, or increased slurry viscosity in wet grinding. Such nonlinearities can be easily resolved by recasting the grinding model equations in terms of energy input, instead of the grinding time. Expressing grinding kinetics in terms of energy instead of time also leads to simplifications in grinding mill scale up.
For confined particle bed grinding, as in highpressure roll milling, due to the energy dissipation through interparticle friction and isostatic stresses at higher confining pressures, can only be modeled as a nonlinear process. A modified population balance model, that explicitly handles the retardation in energy utilization, has been presented. The modified model results in fairly accurate simulation of highpressure roll mill grinding.
High pressure roll milling results in product particles that may become can be weakened though the generation of f laws and microcracks and consequently exhibit widely distributed strength behavior. This leads to nonlinearities in the regrinding of such particles in media mills. We have incorporated this distribution in particle strength into the batch ball tion results indicate that optimum specific energy per ton of product of desired fineness could be achieved by operating each of the mills in appropriate regimes. The optimal operating conditions and the energy partitioning would be dictated by the material properties and fineness of product.
